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We consider a class of generalized capital asset pricing models in continuous time with a 
finite number of agents and tradable securities. The securities may not be sufficient to span 
all sources of uncertainty. If the agents have exponential utility functions and the individ- 
ual endowments are spanned by the securities, an equilibrium exists and the agents' optimal 
trading strategies are constant. Affine processes, and the theory of information-based asset 
pricing are used to model the endogenous asset price dynamics and the terminal payoff. The 
derived semi-explicit pricing formulae are applied to numerically analyze the impact of the 
agents' risk aversion on the implied volatility of simultaneously-traded European-style op- 
tions Q 
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Introduction 

In this paper we propose an analytically-tractable equilibrium model in continuous time, within which 
financial securities are priced in a generalized capital asset pricing model (CAPM). 

It is well known that when markets are incomplete, competitive equilibria may fail to exist. Even if they 
exist, they may not be Pareto optimal, nor supportable as equilibria of a suitable representative agent 
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economy. The equilibrium analysis of incomplete markets is therefore always confined to special cases, 
for instance to single agent models 

El 1511 . multiple agent models where markets are complete in equi- 



librium HEEL or models with particular classes of goods 0] or preferences fl. 

In H, the authors recently established existence and uniqueness of equilibrium results for incomplete 
financial market models in discrete time when agents' preferences are translation invariant In the sit- 
uation where uncertainty is spanned by finitely many random walks, they showed that the equilibrium 
dynamics can be described as the solution to a coupled system of forward-backward stochastic difference 
equations. The system is usually high-dimensional because one obtains one equation per security and 
market participant. This renders simulations and calibrations of the model cumbersome, if not impossi- 
ble. Within the framework of generalized CAPMs, that is, if all agents share the same base preferences (as 
in the case of exponential utility functions) and the endowments lie in the span of the tradable assets, the 
system simplifies to a single equation representing the equilibrium utility of some representative agent. 
Furthermore, the equilibrium price process depends only on the aggregated endowment, the market risk 
aversion, and the flow of market information. It is in this sense that these three items fully characterize 
equilibrium prices in generalized CAPMs. 

rr 

In this paper we extend the generalized CAPM analyzed in ||6|] to continuous time when agents' pref- 
erences are of the expected exponential type. In particular, the advantage of the herewith presented 
continuous-time framework is that we obtain (semi-)explicit formulae for equilibrium prices. If not ex- 
plicitly computable, key equilibrium quantities can be computed using numerical integration only — no 
Monte Carlo methods are needed. We consider a model with a finite number of agents, which are initially 
endowed with an attainable random payoff. They trade a finite number of securities so as to maximize 
expected exponential utility from terminal wealth. The financial securities are characterized by their ter- 
minal payoffs, which we assume to be functions of finitely many market factors. The market factors may 
or may not be observable to the agents. Affine processes, and the theory of information-based asset pric- 
ing are used to model the endogenous asset price dynamics and the terminal payoff. 

Within our first approach, the dynamics of the market factors follows an affine process that generates 
the market filtration. Affine processes are extensively used in mathematical finance (see for instance 



I 111 LL2l 12211 and references therein), as they lend themselves to a transparent mathematical analysis and 
to the application of efficient numerical methods. We show that within an affine framework, equilibrium 
securities prices are given by the quotient of two integrals. Both integrals are the product of an expo- 
nential function evaluated at the current state of the factor process and the Fourier transform of a smooth 
function. Representing equilibrium prices in terms of deterministic integrals allows for a fast and effi- 
cient numerical analysis of other equilibrium quantities, such as option implied volatilities. We analyze 
implied volatilities for two single-security benchmark models: (i) an additive Heston stochastic volatility 
model, and (ii) a pure jump Ornstein-Uhlenbeck model. Both models reproduce the well-documented 
smile-effect of implied volatilities and identify investor risk aversion as a key determinant of implied 
volatilities. 

The second approach to continuous equilibrium presented in this paper is based on the theory of infor- 
mation-based asset pricing, see |Ql and Hill . Within this approach, the asset price dynamics is explicitly 
generated by taking the conditional expectation of the future cash flows, which are multiplied by the 
pricing rule, given the partial information about the market factors that is available to the agents. The 
filtration is modeled by stochastic processes, which (i) carry information about the a priori distribution 
of the market factors, and (ii) embody pure noise preventing market participants from accessing full 



Exponential utility functions, for instance, are translation invariant after a logarithmic transformation. 
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knowledge as to what is the "true" value of the asset at any time before the cash flows occur. We use the 
information-based framework to show the dependence of the equilibrium prices of credit-risky securities 
on information about the financial standing of a company. 

The paper is structured as follows. A general existence result along with a discussion on the information- 
generating processes is given in Section [TJ In Section [2] and [3] we present affine and information-based 
equilibrium pricing models, respectively. Proofs to the theorems are collected in the appendix. 



1. A Generalized Capital Asset Pricing Model 

We consider an equilibrium model in continuous time with a finite set A of economic agents. Uncertainty 
is modeled by a probability space (0, F, P) carrying a filtration (Ft)te[o,T]- The filtration captures the 
flow of information that is available to the agents over the trading period [0, T], and is assumed to satisfy 
the usual assumptions of completion and right-continuity. In what follows, all equalities and inequalities 
are to be understood in the P-almost sure sense. 



1.1. Existence of Equilibrium 

The agents can lend to and borrow from the money market account at some exogenously given interest 
rate, and they can trade K securities. The securities are in net supply n = (n 1 , . . . ,n K ) G ~R K and 
characterized by their terminal payoffs St = (S T , ■ ■ ■ , S^), which we assume to be Tt -measurable 
random variables. Securities are priced to match demand and supply. Each agent a G A is initially 
endowed with some J-r-measurable random payoff H a of the form 

H a = c a + v a ■ S T , 



for constants c a G K and if 1 G R K ■ Furthermore, at each time t G [0, T] the agent's preferences can be 
described by the utility functional 



U?{X) = -\\og (E [c~^ x \F t ]) 



7 

where 7 > is the risk aversion parameter. Thus at time t G [0, T], the agent faces the optimization 
problem 



sup U? \H a + f $ u dS u , 

«a ^ J ) 



where the set of admissible trading strategies is given by 

6 = {# G L{S) : G(d) is a Q-supermartingale, for all Q G vX . 

Here, L(S) and Gt{$) := J "d u dS u denote the set of 5-integrable predictable processes and the gains 
process, respectively, whereas V denotes the set of all equivalent martingale measures (EMM) for sE 

The goal is now to establish existence of a (discounted) equilibrium price process (>St)t 6 [o,T]0 Since all 

3 Note that in equilibrium, there is an EMM Q, that is, an equivalent probability measure Q under which the price process S will 
be a true martingale. In particular, S will be a P-semimartingale. For related discussions on suitable sets of admissible strategies 
see for instance Ql, @|, or Q|. 

4 For simplicity, we assume that the trading horizon T is short so that interest rate risk can be ignored. 
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agents share the same base preferences, and because all payoffs lie in the span of the tradable assets, our 
model can be viewed as a generalized CAPM. Just like in the classical CAPM, in our incomplete market 
model existence of an equilibrium can be established using the standard representative agent approach 
that underlies equilibrium models of complete markets. Furthermore, all agents share the market portfolio 
according to their risk aversion in equilibrium. The equilibrium pricing kernel depends on the agents' 
preferences and endowments, however only through the endowment- and supply-adjusted risk aversion 

7 := 7(77 + n) e R K . (1.1) 

Here, 77 := J2 a denotes the aggregate endowment and 7 _1 := To -1 can ^ e viewed as the market 
risk aversion. The following result can be proved by standard duality results for entropic utility functions; 
see Theorem 5.1] for a related result in discrete time. 

Theorem 1.1. Suppose that the following integrability conditions hold: 

exp(-7- S T ) e L\P) and St <£ L r (Q) K , (1.2) 
where Q is an equivalent probability measure with density 

dQ = exp(-7 ■ S T ) q „ 

dP E [exp(-7 -S T )]' 

Then, the price process S defined by 

S t =E Q [S T \T t ] , ie[0,T], (1.4) 
together with the constant trading strategies 

^=^L(n + r,)- V a , aeA, 

constitutes an equilibrium. 

We notice that the equilibrium pricing kernel Q depends only on the terminal payoffs weighted by the 
endowment- and supply-adjusted risk aversion. In particular, if the fc-th security is in zero endowment- 
adjusted supply, that is, if r\ k + n k = 0, then its payoff does not affect the equilibrium pricing kernel. 

Furthermore, the integrability assumption on S under the pricing measure Q guarantees that equilibrium 
prices are Q-martingales. Hence they are, by (11.2b and ( 11.3b . P-semimartingales and thus well defined as 



an integrator in the sense of 11261 Chapter II and IV] 



1.2. The Market Filtration 

The previous theorem established existence of a continuous equilibrium under no assumptions on the 
underlying filtration (Ft). We emphasize that the construction of the filtration characterizes the dynamics 
of the derived price processes. In order to obtain (semi-)explicit equilibrium price processes, we assume 
that the terminal payoffs depend in a functional form on a vector X of market factors the distribution of 
which is known to the agents. We define the following: 

S T = f k (X). 

We assume that the market filtration (^ 7 t)te[o,T]> t0 which the equilibrium prices will be adapted, is gen- 
erated by an observable stochastic process (£ t ) such that, possibly up to a constant, £y = X. Equilibrium 
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dynamics are then studied within an affine and an information-based framework. The first approach 
assumes that the dynamics of the market factors follow an affine process; in the second approach the ob- 
servables generating the market filtration are modeled by Brownian random bridges with drift from zero 
toX. 



2. Affine Equilibrium Framework 

In this section, we assume that the dynamics of the market factors £ are observable and that they follow 
an affine process Y, that is £ = Y. After specifying the setup and following a brief introduction into the 
theory of affine processes, the results in Section[T]are used to derive equilibrium pricing formulae in Sec- 
tion l2.ll This is followed by an analysis of equilibrium option prices in Section [2~2l and equilibrium asset 
prices in a Heston stochastic volatility framework and an Ornstein-Uhlenbeck jump model in Sections 
I2.3l and l2~4l respectively. Since we consider a linear payoff structure of the underlying asset St = Xt 
from Section l2~2l onwards. negative equilibrium prices can not be excluded a priori. However, this can be 
avoided by either directly modeling the log-payoff of the underlying, that is St = cxp(Xy), or, as in the 
present work, considering only short trading horizons T. In this case, option prices obtained from a model 
and its "logarithmic counterpart" are quite close, compare for instance the discussion in lEiil . We choose 
the first approach, since the verification of the integrability conditions in Theorem l2.2l is more involved 
in the case of a log-payoff. The additional challenge is due to the "double exponential" structure. We 
emphasize however that, once this is achieved, all our results can be adapted and hence extended also to 
longer trading horizons. 



2.1. Setup and Equilibrium Pricing Formulae 

In this section, we consider the case where the payoff St is a functional of an observable affine factor 
process. To this end, we assume that the underlying probability space (fi, T ', P) is rich enough to support 
an affine Markov process Y taking values in the state space D := R™ x R n . 

We set d = m + n and write Y = (V 1 X). We interpret X <G W 1 as the factor process that determines 
the payoff and V G as a process driving it; a typical example would be a stochastic volatility model. 
We assume that Y T , the Markov process stopped at time T, is conservative, meaning that there are no 
explosions or absorbing states up to time T. The market filtration (^Ft)te[o,T] i s men chosen to be the one 
generated by Y: 

J 7 t = <T{Y a ,a<t), te[0,T]. 



Usually, one associates with Y a family of probability measures (P J, ) yS £), which represents the law of 
the process Y starting atyED. Since every affine process is a Feller process, the filtration {Ft) can be 
completed with respect to the family (P y ) ye rj so that the filtration is automatically right-continuous 127 , 
Section III.2]. 



2.1.1. Affine processes 



Before turning to the problem of equilibrium pricing, we recall some useful results on affine processes, 
the details of which can be found in [12] or in 122 1. 
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Definition 2.1. An affine process is a stochastically continuou^, time-homogeneous Markov process 
(Y,P V ) with state-space D, of which log-characteristic function is an affine function of the state vec- 
tor. That is, there exist functions : K + x iR d -> C and ijj : R + x iR d -> C d such that 

Ey[exp{u-Y t )]=exp[0(t,u)+ip(t,u)-y] , (2.1) 

for all y G D and (t, u) G K + x i~R d . An affine process Y is called regular, if the derivatives 

F(u) := d t ^(t,u)\ t=0+ , R(u) := d t ip(t, u)\ t=0+ 

exist for all u 6 W := {w = (m„, u x ) G C™ x C" : He(u v ) < 0, Re(u x ) = 0} and are continuous in 

u = oE 

The definition of an affine process Y implies that the Ft -conditional characteristic function of Yt (T > t) 
is an affine function of Y t : 

E [cxp (u ■ Y T ) I F t ] = cxp [0(r, u) + t/>( T , u) • Y t ] , (2.2) 

for all (r, it) G M+ x zR d , where r := T — t. The affine property will be used in this form throughout. 
The admissible parameters associated with an affine process Y determine its generator and its functional 
characteristics F and R. The functional characteristics completely determine a regular affine process, 
since the functions (j> and ip satisfy generalized Riccati equations of the form dt4>(t, u) = F(ifj(t, it)) and 
dtip(t, u) = R(ip(t, «)); see AppendixlBlfor further details. 

Although the special form of the log-characteristic function of an affine process perfectly lends itself 
to tractable computations, we need to consider a class of processes for which formulae ( 12. U or ( 12.2b 
extend to a broader subspace of <C d than zM <i It is shown in 1 22 , Chapter 3] that the functions 4> and tp 



characterizing the process Y have unique extensions to analytic functions on the interior int £c of the tube 
domain £ c := {{t,u) G M+ x C d : (t,Re(u)) G £}, where £ := {(t,v) G R+ x R d : v G X> t+ }andthe 
set V t+ is defined by V t+ := \J s >ti z e Rd : 8u Po<r<s EV [exp(z • F r )] < oo , for all y G £>}. The 
extensions still satisfy the aforementioned Riccati equations and ( 12. Il l and (12. 2t extend to £cll Recently, 
an alternative characterization of the extensibility of the affine transform formula j2.2b has been given in 



125]. 



2.1.2. Equilibrium pricing formulae 

We are now ready to state the main result of this section, that is a semi-explicit formula for the equilibrium 
price processes in an affine framework. For simplicity, we restrict the analysis to processes Y = (V, X) 
with state space D = R + x K, and we assume that the agents can trade K securities S 1 , . . . , S K with 
terminal payoffs 

S T = f k {X T ), (2.3) 

for payoff functions f k : R — > K. Under suitable integrability conditions our results carry over to more 
general payoff functions of the form f k (Yr) and to affine processes on multi-dimensional state spaces. 

S A stochastic process Y is stochastically continuous, if for any sequence (t m ) — > t in M_|_, Yt m converges to Yt in probability. 
6 In the recent work fzjll . the authors actually show that each affine process as defined above is regular, whereas in 1 1 -j| and I23l 

regularity is still an assumption on Y . 
7 By extension it is meant that the functions <f> and ip can be uniquely analytically extended to a suitable subspace of R+ X C . 
8 More precisely, (3. Lemma 3.12] states that this holds on the set {(t, u) 6 £c : \E° [cxp(u ■ Y s )]\ ^ , for all s S [0, t)}, 

whereas Hi Lemma 3.19] then yields that both sets coincide. 



6 



However, the resulting pricing formulae would be quite cumbersome and the Riccati equations that de- 
termine the processes' functional characteristics would no longer be solvable in closed form (the semi- 
explicit structure of the solution would be preserved, though). We define f(x) := (/ 1 (a;), . . . , f K (x)). 

Theorem 2.2. Let Y = (V, X) be an affine process on M + x R, and suppose that the terminal payoffs of 
the securities are of the form ( I2.il ). Suppose furthermore that there exists a vector of damping parameters 
(a 1 , . . . , a K , /3) € IR^" 1 " 1 such that the functions 

g k (x) := cxp (a k x) f k (x) cxp (-£ ■ f(x)) , (2.4) 
h c (x) := exp (/3a;) exp (-< • /(x)) , (2.5) 

and their respective Fourier transforms, 

g k ( S ) = J e-^g k (y)dy and h c (s) = J e^h^dy , 

K R 

are integrable for all £ in some neighbourhood ofj, and that 

(T, (0, —a k )) e £ , for all k, and (T, (0, -/3)) £ £. (2.6) 
Then, with g k (s) = g~(s) and h(s) = h^(s), the following holds: 

(i) The equilibrium price of S at time t is a function ofr:=T — t and the current state of the process 
Y, and the price of the k-th security at time t € [0, T] is given by 

gk = jg exp [Mj, (0, -a k + is)) + fjr, (0, + is)) ■ Y t ] g k (s) ds 
l ~ J M exp[0(r, (0,-/3 + is)) +^(r, (0,-/3 + is)) ■ Y t ] h(s) ds 



//ere, (/> and ^ denote the analytic extensions of the functions introduced in Definition \2.1 
(ii) The equilibrium price process of S at time t can alternatively be computed by 



(2.8) 



C=7 



Here, the function H : M. K — > R is given by 

H (C) = ^ J exp [0 (r, (0, -/3 + is) ) + if, (r, (0, -f3 + is) ) • Y t ] ft c (s) ds . 

R 

The benchmark case where only one security is in non-zero endowment-ad-justed supply and its payoff 
function is linear, and all other securities are in zero endowment-adjusted supply, does not require Fourier 
transform methods, as shown by the following corollary. 

Corollary 2.3. Let the process Y and the functions g k (s) be as in Theorem \2.2\ Let us further assume 
that there is only one security, denoted by S , in non-zero endowment-adjusted supply, that is 

7= (7('7 1 +« 1 ),0,...,0) . 

If furthermore = Xt and 7 satisfies (T, (0, — 7 1 )) G £, then the equilibrium price process of S 1 is 
given by 

Si = [d a J(r,u) + d u ^(r,u) ■ Y t ] L =(0i _ w , t S [0,T] , (2.9) 
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where r := T — t and d Ux denotes the partial derivative with respect to the second argument of the vector 
u = (u V) u x ). Furthermore, whenever the remaining securities (S 2 , . . . , S ) satisfy the assumptions of 
Theorem \2.2\ their price processes equal 

S * = hJ CXP [^'^ + A r"'^W ■ Y *\ 9 k (s)ds, (2.10) 

R 

for k = 2, . . . , K, and each t £ [0, T}. The shift operator A™ ,z (ip) in (12.10b is defined by 

A?' z (<p) := p(t, (0, -w + is)) - <p(t, (0, -z)). 



2.2. Pricing of Call Options 

We are now going to establish semi-explicit pricing formulae for European call options. The main chal- 
lenge will be to find suitable "damping" functions such that the Fourier methods of Theorem l2.2l can be 
applied. Specifically, we consider a market model with a single stock with terminal payoff St = Xt 
and N call options on the stock with payoffs C l T = (St — Ki) + , for i = 1, . . . , N, and strike prices 
K i < . . . < Km- The stock and the options are traded simultaneously and hence collectively influence 
the equilibrium pricing kernel. The flattening functions for S and C k are denoted a and a k , respectively; 
the corresponding weighted payoff functions are denoted g and g k , respectively. We first state the pricing 
formula for the most general case of multiple simultaneously traded options in non-zero endowment- 
adjusted supply. The formulae are a direct application of Theorem 12.21 Subsequently, we consider the 
cases where either a single option in non-zero endowment-adjusted supply is traded, or multiple options 
in zero endowment-adjusted supply are traded. 



2.2.1. Multiple, simultaneously traded options 



Let us first consider the general case where N > call options and one stock in non-zero endowment- 
adjusted supply are traded. As an illustration, we assume that throughout Sections 12.2.11 and 12.2.21 all 
supply-adjusted risk aversion parameters satisfy 



7- 



The pricing measure is then given by 



dQ 
dP 



cxp ( 


-7 


[St + ZZASt-K.^)] 




E 


exp 


h 


(Sr + E£i (St -*,•)+) 


)] 



(2.11) 



and the following result is an immediate consequence of Theorem l2.2l 

Theorem 2.4. Given that a and /3 satisfy 7 < a, j3 < (N + 1)7 and ( 12.61 ), the equilibrium price of the 
underlying security S at time t G [0, T] is given by 

_ J R exp [c/)(t, (0, -a + is)) + i/j(t, (0, -a + is)) ■ Y t ] g{s)ds 
1 ~ J R exp [</»(r, (0, -/? + is)) + ^(r, (0, -0 + is)) ■ Y t ] h(s)ds ' 

and the price of the k-th call option is given by 

jg exp [<t>( T ,(0,is))+ip(T,(0,is))-Y t ] g k {s)ds 



J R cxp [fifa (0, -0 + is)) + yj(r, (0, -f3 + is)) ■ Y t ] h{s)ds 



for k = 1, . . . , N. Here the functions g, g k and h are given by 



N 



j-1 



g(s) = ^2 CX P I 7 X! Kk ) cxp [(~ is + a ~ h) K j] 
j=i V fe=i / 



(—is + a - jj)(-is + a - (j + 1)7) 
1 1 



(—is + a — (j + 1)7) 2 (—is + a — 



N 



3-1 



H s ) = exp r 7 ^ cxp t(~* s + ^ ~ jt)-^-] 



fe=l 



-7 



(-is + - n ){-is + /3-(j + 1)7) 



fc-i 



; (s) = exp I 7 ^ K h exp [(-is - k~f)K k ] 



\ h=l / 
AT / 3-1 



1 



+ ^ cxp I 7 ^ A /t J exp [(-is - .77) A'j 

3=k+l 



(-is- (fc + 1) 7 ) 2 _ 



/i=i 



+ 



A(- is -i7)(-«s- (i + i)7) 
1 1 



(-is- (j + 1)7) 2 (-is -j"/)' 



The assumption 7 < a, f3 < (N + 1)7 imposed on the damping factors ensures that the functions g,g k ,h 
of ( 12.4b and (12.5b allow for an integrable Fourier transform. In what follows, all model parameters have 
to be chosen such that (12.6b is satisfied and hence (12.2b applies. Further details are discussed below. 



2.2.2. A single option model 



The pricing kernel ( 12.1 lb and the Fourier transforms from Theorem l2.4l simplifv considerably when only 
one option with strike K > is traded. In this case the price processes (St) and (Ct) can be computed 
as in Theorem l2.4l bv 



g(s) — exp [(a — 7 — is)K] 



h(s) = exp [(/3 — 7 — is)K] 
g x (s) = exp [-(is + i)K] 



(—is — 7 + a)(—is — 27 + a) 

1 1 



(a — 27 — is) 2 (a — 7 — is) 2 

-7 



(/3 - 7- is)(P- 2 7 - is) 
1 



(-is - 2 7 ) 2 



2.2.3. Options in zero-endowment-adjusted supply 

Let us finally consider the simplest situation in which all options are in zero endowment-adjusted supply. 
In this case, the equilibrium pricing kernel is independent of option payoffs and one only needs to find a 
suitable a corresponding to the weighted payoff function ( 12.41 ) in Theorem l2.2l The simple choice a — 
already guarantees that the Fourier-transform 



5 1 (s) = cxp [-(is + f)K\ 



(is + 7 1 ) 2 
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of the function g 1 (x) := e 7 x (x — K) + is integrable. The price process S is then given by ( |2.9t , and 
the price of the call option at time t E [0, T] is given by 

Ct = h [ 6XP [ A °'^ + + A?'* 1 (if*)**] ^Wds, 



with t := T - t and A°< 7 defined in Corollary 1273 



2.3. Equilibrium Dynamics in a Stochastic Volatility Model 



By choosing the dynamics of Y according to the Heston stochastic volatility model 11711 . it is possible to 
derive explicit equilibrium stock price formulae. Let Y = (V, X) be determined by 



dV t = (k- XV t )dt + a^VtdWl 
dX t = fjdt + \/V t dW? 



V 
X 



vo , 



(2.12) 



where (fi, J 7 , P) is assumed to be rich enough to support the two-dimensional Brownian motion W = 
The market filtration is the augmentation of the filtration generated by Y. The parameters 
fi,K,X,<r > will be chosen appropriately later on. We initially assume that the agents are trading a 
single security S in unit endowment-adjusted supply with payoff St = Xt- We note that, unlike in the 
original model proposed by Heston, we do not model the log-payoff by ( 12.12b . However, our approach 
is justified by considering only short time horizons. Since the above additive Heston model is affine and 
allows for explicit solutions of the functions <f> and ip, we apply the results obtained in Sections Q] and [2] 
to compute the equilibrium price St at time t € [0, T] in closed form as a function of Y t . 



Theorem 2.5. Let 8(7) be defined by 

0( 7 ) = 

Suppose that 7 is such that T satisfies 

T < 




if 7<£ 
if 7>^ 



+00 



( arctan Mill 



7<| 
7> I 



(2.13) 



Then we have that, with t 
given by 

for t G [0, T], and where 
2 k 



T — t, 6 := 0(7) and 8' := ^-#(7), the equilibrium price process S is 



s t = T{T, 1 )- 1 r{T,~t)v t +x t , 



(2.14) 



r(r, 7 ) = 



T 2 8 



X(e 0T - r 



+ 1) + A(e^-1))(0'-^V) 

- e(e' (c 9t + 1) + Tc eT {\e' - 7 (t 2 )) 



'The more general case of correlated Brownian motions could be included in j2.12t by considering := pW 1 + \/l — p 2 W 2 
instead of W 2 . We choose zero correlation in order to keep the notation simple. 
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(c UT + 1 + A ( G - 1 



(2 (e dT - 1) - 7 r(?'e er 



+ 7 (e flT - 1) (0' (c eT + 1) + tc Bt (\6> + ja 2 ) ) {0 (c eT + 1) + A (c 6t - l) ) 



We note that ( 12.13b ensures that (12.6b in Theorem l2.2l is satisfied, which, in combination with the discus- 
sion in Section 12.21 allows us to study the impact of the model parameters in a framework comprising 
European-style options. In particular, we illustrate within the Heston framework the effect of the parame- 
ters 7 and a on implied volatilities using the formulae obtained in Theorem l2.4l To this end, we consider a 
setting with one underlying asset and fifteen simultaneously traded call options written on it, all affecting 
the pricing density. In Figure[T] four different implied volatility curves are shown, corresponding to four 



X .22 
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Figure 1 : Implied volatility curves with varying risk aversion 7 



0.23 




0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 

Moneyness 



Figure 2: Implied volatility curves with varying vol-of-vol a 

different values of the risk aversion 7. We see that, especially for in-the-money options, higher risk aver- 
sion yields a higher level of implied volatility. The more risk-averse the representative agent is, the more 
in-the-money options are appreciated as good hedges against possibly low values of the underlying. In 
the recent work J29I1 the impact of market risk aversion on put option implied volatilities is investigated 
by means of indifference pricing by dynamic convex risk measures and asymptotic methods. 
The implied volatility curves for two different choices of the vol-of-vol parameter a in ( 12.121 ) are shown 
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in Figure [2] We observe a significant increase in implied volatility when changing from the low value 
(blue curve) to the higher one (red curve). That is due to the fact that a high value of a increases the prob- 
ability of St taking on extreme tail values and hence rendering even out-of-the-money options attractive 
instruments I 1( 1 

2.4. Equilibrium Dynamics in a Pure Jump Ornstein-Uhlenbeck Setting 

In order to include the presence of jumps into the discussion of equilibrium prices, we consider now a 
single stock with terminal payoff St = Xt where X is an Ornstein-Uhlenbeck process with a pure jump 
component as Levy parQ 

dX t = —X(Xt — n)dt + dJ t , Xq = xq . 

Here, J is an adapted compound Poisson process with intensity k > and jump distribution v(dx) = 
\9 exp(— 9 \x\)dx^^ The parameters [i and A describe the long term mean and the mean reversion rate, 
respectively. In this one-dimensional setting the equations for the functional characteristics F and R are 
given by 

2 

F(u) = \[iu + — - and R(u) = -Am , (2.15) 

a 1 — u z 

see ( IB. II ) and (B.2i . Combining ( 12.15b with ( IB. 4b and (IB. 5b . we deduce that the functions <f> and ip satisfy 
the following system of Riccati equations 

d t 4>(t,u)= X^(t,u) + , 0(O,u) = O 

dt^}(t,u) — —Xip(t,u) , ip(0,u)=u, 
which allows for the explicit solutions 



0(t,tt) = ^logf - g 2 )+Am(l^c- At ) and ^{t, u) = ue~ xt . 



Thus, (E2) holds, as long as u 6 M\{-6», 9} and T < t*(u), with 

S + °° |m| <9 n ifl 

i ~2l lo g(^) \ u \ > 9 

This, together with Corollary |2.3l allows us to formulate the following: 

Proposition 2.6. If \y\ 9 and T < t*(— 7), where t* is as in ( I2.16l l, then, with r := T — t, the 
equilibrium price process S is given by 



Si 



K0 2~ ( c -2Ar _ j\ 

— h ail - c ) 

A(6» 2 -7 2 )(6i 2 -u 2 c- 2 ^) ly ' 



—A 



T X tl t£[0,T\ 



In the following we illustrate the influence of the parameters 7, k and 9 on option implied volatilities. 
Figure|3]illustrates the dependence of implied volatilities on the jump parameters for fixed risk aversion. 
The red curve corresponds to smaller jumps arriving at a high frequency ((/t, |) = (30, -gk)), whereas 
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Figure 3: Implied volatility curves with varying jump mean 1/0 and intensity k 
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Figure 4: Implied volatility curves with varying risk aversion 7 



the blue one was obtained considering higher jumps at a lower frequency ((k, ^) = (20, ^,)). Increasing 
the mean jump height distinctly lifts the level of implied volatility, since the probability of St taking 
extreme values is higher that way. We further note that an affine model including jumps seems in general 
more suitable to reproduce the right-hand side smile observed in real market data. In Figure|4]in turn, we 
observe that an increase in implied volatility for in-the-money call options is caused by increasing risk 
aversion, similar to the stochastic volatility model discussed before^J 



10 For the Figures \T\ and f3] the following parameters were used for the numerical computations: = 0.1, k = 0.006, A = 0.2, 

T = 0.5, 4 = 0, (xo, t>o) = (1, 0.03). In Figure[T] we set a = 0.3, whereas in Figureff] 7 = 0.2 was used. 
"This is a specific subclass of basic affine processes, compare Hll Section A. 2]. 

12 More precisely, Jt = ^i^ii where Nt is a Poisson process with intensity k, Di are exponentially distributed i.i.d. random 

variables with jumps of mean „ > 0, and bi are i.i.d. Bernoulli random variables with P[b\ = 1] = P[b\ = —1] = 0.5. 

13 The remaining parameters in Figures fj] and [4] were chosen as (fi, A, T, t, xo) = (1, 2, 0.1, 0, 1). In Figuref3]we set 7 = 0.2, 
whereas the jump parameters were chosen as (k, 3) = (30, j^)) in Figure [4] As before, we considered 15 simultaneously 
traded call options. 
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3. Information-Based Equilibrium Pricing 



In this section, we propose another method to model the market filtration based on the information-based 
asset pricing approach of |Ql and Jl9ll . This approach is based on the modeling of cash flows and the 
explicit construction of market filtrations, which can be naturally embedded in the equilibrium pricing 
model considered in the present paper. The key idea is that, instead of assuming from the outset some 
abstract filtration representing the information available to the market, processes carrying market-relevant 
information are explicitly constructed, and a distinction between "genuine" information and market noise 
is made. The equilibrium dynamics is then computed by using the special form of the pricing measure 
obtained in Section [1] by assuming an a priori distribution of the market factor determining the terminal 
payoff, and by updating a posteriori distributions about the assets' payoffs obtained by a version of Bayes 
formula. 



3.1. Setup and Equilibrium Pricing Formula 

We assume that the probability space (f2, J 7 , P) supports a iV-dimensional Brownian motion B to- 
gether with N independent random market factors {Xi)f =1 , all independent of B, and define S T = 
f k (Xi, . . . ,Xn). The agents know the a priori distributions v l of all Xj. With each market factor 
Xi, we associate an observable process (£t)te[o,T], the so-called information process. The information 
processes are defined by 

Q = (TiXit + Pi , t€[0,T], (3.1) 

where the independent standard Brownian bridges j3 l on [0, T] are defined in terms of B as solutions to 
the SDEs 

dpi = -^- t dt + dB\, $=0, (3.2) 

for t € [0, T), and /3 T = 0. Looking at the different components of the processes A3. 11 . we identify the 
part GiXit containing real information about the realization of a market factor revealed over time, and 
the bridge part representing market noise. The speed at which the outcome of Xi is revealed is governed 
by the information rate (Tj. The information processes capture the flow of information available to the 
market agents, and thus generate the market filtration: 

F t = a(e s ,---,£?,s<t) , t€[0,T}. 

By construction, St is J-V-measurable, and at each time t 6 [0, T], the equilibrium price St will be 
determined using the results of SectionQ] 

Theorem 3.1. Assume that all a priori distributions v % allow for a density with respect to the Lebesgue- 
measure denoted by v t (x), respectively. If in addition the functions (f k )^ =1 and the a priori densities 
(v l )fL 1 are such that (11.2b is satisfied, then, for t < T, the equilibrium price process of the k-th security 
is given by 



_ J RN z(xi, . . .,x N )f k (x u . . .,x n )tt]{x{) ■ ■■TT^(x N )dxi . ..dx N 
* j RN z(xi 1 ...,x N )n}(xi)---TT^(x N )dxi...dx N 

where the function z is defined by 

K 



z(-) = exp 



1=1 



(3.4) 
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The regular conditional density function 7r| associated with the i-th market factor is given by 



v l (x) exp 






J R w l (y)exp 




dy 



<( x ) = ■ r^~, : :t— ■ ( 3 - 5 ) 



3.2. Innovation Processes and Equilibrium Market Price of Risk 

Let us consider K = N = 1, and in particular the case St = X with corresponding information process 
£t = aXt + ji t , for t £ [0, T]. We assume that the market factor X is such that the conditions of Theorem 
13. H are satisfied. Formula (13.3b now reduces to 



Si 



E [S T exp (—7 S T ) \Tt\ _ J xcxp (—7a;) ir t (x)da 



E [exp (-t-St) I /exp (-7X) 7r t (a;)da; 



(3.6) 



Results from general filtering theory guarantee the existence of a P-Brownian motion W on [0, T), 
adapted to the market filtration generated by £. Observe to this end that rearranging ( 13.2b leads to the 
following SDE satisfied by f on [0, T) 



dtit 



1 



dt + dBt, Co = . 



Hence, W is the innovations process associated with the information £ given by 

t 



W t = &- 



1 



(aTE [X I J- a ] - 



(3.7) 



Thus, instead of having to assume the existence of Brownian motions as drivers for the prices, they rather 
emerge naturally from within the information-driven structure, as the following proposition shows. 

Proposition 3.2. Assume that g(X) and h(X) belong to L 2 (P) where g(x) = x exp(— 721) and h(x) = 
cxp(— 70;). Then the equilibrium dynamics of (St)t<T ore given by 

<tT 



dS t 



T-t 



Var^(X) 



T-t 



{E [X I T t ] - S t ) dt + dW t 



where 



Varf(X) := E Q [X 2 \ F t ] - (E Q [X \ F t ] 
is the conditional variance of X under the measure Q defined in (11.31 1. 



(3.8) 



(3.9) 



The expressions E[X\ Ft] and X&if{X) can be worked out semi-explicitly by means of (13.9l l, the integral 
formula ( 13.6b , and the regular conditional density n(x) defined in ( 13.5b . They are functions of the pair 
(t, £t) and triplet (t, £t,7), respectively, due to ( 11.3b and the Markov property of the information pro- 
cess. By an application of Levy's characterization of Brownian motion, it can be shown that the process 
(Wt) t< T defined by 



dw: 



oT 
T-t 



(E {X\jF t ]-S t )dt + dW t 



is an ((J~t), Q)-Brownian motion. Thus, (13.8b confirms that (St)t<T is an ((.Ft), Q)-martingale. 
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3.3. Pricing Credit-Risky Securities 

In this section, we illustrate the impact of the "noisyness" of information and of the market risk aversion 
on the equilibrium prices of a credit-sensitive security within a simple benchmark model, see j^t, where 
the a-priori distribution of St = X is discrete: St S {^o, %i} = {0, 1}- We denote by po := P[X = 0] 
the probability of default. Due to the discrete payoff structure, formula ( 13.3b simplifies and allows us to 
examine the impact of model parameters, such as the information flow rate or the risk aversion, on the 
equilibrium price of S. The price of the security threatened by default can be obtained in closed form 
analogously to ( 13.31 ) and is given by 



P1X1 exp (—7x1) exp 


j^t (<rxi€t ~ 5(cxi) 2 i) 




Ei=o,i Pi ex P exp 


Yzi (<rxi£ t ~ \{<7Xi) 2 t) 



Figure [5] shows the impact of a on the price of a defaultable bond, where the probability of default is 
chosen to be po = 0.2. In the upper graphic the bond does not default, whereas in the lower graphic we 



. 9 




Time " Time 



Figure 5: Defaultable bond prices: influence information rate a 




Time Time 



Figure 6: Defaultable bond prices: influence risk aversion 7 
considered the situation of a default. In both cases, a low information flow rate (green curve, a = 0.1) 
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leads to a rather late adjustment of the equilibrium price process towards the prevailing terminal value, 
while the red curve (a = 1) reacts earlier to the information about the outcome of X. The influence of 
the risk aversion 7 on defaultable bond prices is demonstrated in Figure [6] It is evident that a higher 
risk aversion leads to a more careful evaluation of the bond, since the possibility of a default is taken 
more into account. This effect occurs in both depicted scenarios, where in the upper and lower figure the 
information rate a is chosen to be a = 0.2 and a = 0.5, respectively. Note however that for the case of 
a low information rate (upper graphic) the initial price difference turns out to be smaller, because both 
agents, the more and less risk-averse one, consider the information to be noisier, hence less valuable, and 
thus give the bond a lower price 

3.4. One-Dimensional, Exponentially-Distributed Terminal Cash Flow 

We illustrate how, for particular choices of v and /, the formulae ( 13.51 l and ( 13.6b can be worked out explic- 
itly. We assume f(x) = x, corresponding to the assets payoff itself being the market factor. Furthermore, 
the a priori distribution of St, the cash flow at time T, is assumed to be exponential. 

Corollary 3.3. Assume that the a-priori distribution of St = X is of the exponential form, that is, 
v(x) = (l{x>o}/ K ) ex P ( — x/n)for some k > 0. Ifj > K — 1, then the equilibrium price at time t < T 
is given by 



St 

where 



exp(-±B t 2 /A t ) & 



yW t M(B t /A t ) A 



(3.10) 



A t = a 2 tT/(T-t) , B t =oTt t /(T-t)-?Z±±, (3.11) 

K 

andAf(x) denotes the standard normal distribution function. 

Since the pricing measure depends only on the terminal cash-flow as a consequence of the attainable 
endowments, changing from P to Q could be interpreted as a different view v of the representative agent 
on the a-priori-distribution of St- More precisely, under Q the cash-flow St is exponentially distributed 
with new parameter (7K + 1) /n, also appearing in ( 13.1 D , which can be seen by working out the adjusted 
density 

v( x )= exp(- 7 3>Qr) (312) 
/ exp(-^y)v(y)dy 

A. Proofs 

Proof of Theorem ll.il 

Due to the time-consistency and strict monotonicity of the entropic preferences, it suffices to show that the 
strategies d a are optimal for the utility maximization in t = 0. Note first that ( 11.21 ) ensures that ( 11.3b and 
( 11. 4t are well-defined. In particular, the price process S is a Q-martingale, and thus Q £ V. Furthermore, 
the constant strategies i? a lie in 6, since for any Q £ V, the process Gt{'0 a ) = i? a • (St — So) is by 
assumption a Q-martingale, and hence in particular a Q-supermartingale. 

We now show that the quantity 7 introduced in ( II . lb can be seen as the risk aversion of some representative 



14 The following parameters were used for the simulations shown in Figures|5]and|6] P[X — xi] = 0.8, T = 5. The price process 
is shown for t £ [0, 4.9]. In Figure|5]we set 7 = 0.6. 
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agent whose optimal utility is attained at the constant strategy i9* = n + 77. Indeed, since S is a Q- 
martingale, and (n + 77) • St € L l {Q), the utility maximization of the representative agent can be 
formulated as follow/*^: 

sup {Uq (Gt($)) } 

■&<ze,E Q [G T (0)]<Ec}[(n+T))-ST] 



< 



sup {UZ(G T ($) - E Q [G T m + E Q [(« + rf)-S T ])} 



sup {C/ 7 (G T (^)) - E Q [G T (<?)]} + #Q [(" + V) • St] 
t?ee 

< -J?(Q|P) + £q [(n + v) ■ S T ] ■ (A.l) 

7 

The last inequality is derived from the dual representation of Uq, where the relative entropy is given by 
H(Q\P) = E[^Q log(fp)]. But Gt($*) with #* = n + r/ plugged into the representative agent's utility 
yields 

C/ 7 (( ?1 + r?) • S T ) = ~H(Q\P) + E Q [{n + ??) • S T ] ■ 



Comparing this with ( 1A.1I ) shows that ^* = n + r; is indeed optimal for the representative agent when 
the price process S is given by ( 11.4b . Individual optimality of d a for the single agents now follows by a 
scaling argument and the specific form of the aggregated endowment. Note that, for all a £ A, 



tf* = argmax{[/ 7 (G T (i?))} 



see 



is equivalent to 



which in turn is equivalent to 



^* =argmax{[/ a (G T (tf))} 



-^■r - if = argmax{£/ a (i? a + G T (#))} • 

This shows that d a is the optimal strategy for agent a £ A. Since the strategies (i?°) Q eA add up to n, the 
market clears at any time, and hence the pair ((St)te[o,T] > (^"Wa) forms an equilibrium. □ 

Proof of Theoreml2^1 

Part 1: Pricing Formula ( 12.7b . From Section l2.1.1l it is known that Y = (V, X) satisfies 

E [cxp (u ■ Y T ) I F t ] = cxp [4>{t, u) + V(r, u) • Y t ] , (A.2) 

for all u = (u v ,u x ) £ C 2 such that (T, u) £ since the latter implies that (12. lb and thus (12.2b hold for 
all i £ [0,T]. 

Let us assume for the moment that (11.21 i holds. This will be verified later. We then know from (11.3b that 
the equilibrium pricing measure Q is given by its Radon-Nikodym-density 

dQ exp (-7 • St) cxp (-7 ■ f(X T )) 



dP E[exp(-j-S T )] E [exp (-7 • f{X T ))] 



15 Note that the first expression in IA.lt is equivalent to the representative agent's utility maximization of terminal wealth against 
both, the aggregated initial endowments r\ and aggregated net supply n, over all admissible strategies. 
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Hence, by applying Bayes formula and following ( 11.4l i. we obtain 

E[f k (X T )exp(-j-f(X T )) \T t ] 



S t = E Q [ S T I Ft] - 



E[exp(-*f-f(X T )) \ T t ] 



(A.3) 



for the equilibrium price of the /c-th security. The Fourier transforms g k and h defined in ( 12.4l i and ( 12.51 ). 
respectively, exist and are integrable by assumption. Hence we apply the Fourier inversion formula^] to 
obtain 

g k (x) = — [ e lsx g k (s)ds and h(x) = — [ e tsx h(s)ds, 
2tt J 2tt J 



dx-almost surely. With this at hand, dA.31 l transforms to 

, = E[exp(-a k X T ) g k (X T )\ F t ] = E [ / R exp [(-a k + is)X T ] g k (s)ds \ T t ] 
1 E [exp {-pX T ) h(X T ) | F t ] E 

Now we observe that 



J R exp [(-/? + is)X T ] h(s)ds \ T t 



(A.4) 



E 



J exp [(-a k + is)X T ] g k {s)d& 



< E 



cxp(-a k X T ) J \g k (s)\ds \F t 



< oo , (A.5) 



since (T, (0, —ct k )) G £ C 8c and g fc is integrable. The same holds analogously for the denominator in 
(lA.4b . In particular, we have 



< E [exp (-7 • f(X T )) | Ft] < oo , for all t G [0, T] , 



(A.6) 



since we required Y T to be conservative and (T, (0, — /?)) to lie in £. Thus, (lA.5t and dA.6l ), in combina- 
tion with ( IA.3b , yield that (11.2b is indeed satisfied. We may now apply Fubini's Theorem to exchange the 
order of integration, and we get that 



E 



J exp [(~a k + is)X T ] g k (s)ds \T t = J E [exp [{-a k + is)X T ] \ F t ] g k (s)ds 



exp [0(r, (0, -a k + is)) + V>(r, (0, -a k + is)) ■ Y t ] g k (s)ds . (A.7) 



The affine transformation formula ( 1A.2I > holds, since (T, (0, ~a k )) G £. Applying the same arguments 
to the denominator in iAAi combined with (IA.71 i yields the desired form of S k in d2.71 i. 



Part 2: Pricing Formula (12.8b . We outline the details for K = 1, the rest follows by repeating the 
arguments for the partial derivative with respect to each ( k . So we assume we only have one security S 
with corresponding j G K affecting the density of the pricing measure Q. It follows that 

dQ _ exp(-jS T ) exp(~7/(X r )) 
dP ~ E[eM-lS T )] ~ E[eM-lf(X T ))] 

16 Seed Theorem 9.5.4]. 
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and the equilibrium price of S at time t can be obtained again by computing 

E[f(X T )cxp(-^f(X T ))\F t ] 



St 



E [exp(- 7 /(X T )) | F t ] 



Recall from Part 1 that 



cxp Mf(X T )) G L\P) and f(X T ) exp (-jf(X T )) e L\P) , 



(A.8) 



(A.9) 



due to the assumption of (T, (0, —a)) and (T, (0, — /?)) lying in £. Since the set £c is open, compare 



I 22l Lemmata 3.12 and 3.19], and due to the integrability assumptions on the functions <?a(s), the first 



integrability in iA.9i even holds in some neighbourhood of 7, allowing us to differentiate the function 
C !->• _E[exp(— J 7 *] at C = 7- Indeed, by the smoothness of the mapping £ M> cxp(— (/(Xt)) 
and the integrability of the second term in (IA.9t . we obtain 



£[/(X T )exp(- 7 /(X T )) \F t } = - ^E[exp(-Cf(X T )) \F t ] 



(A. 10) 



C=7 



as an application of the triangular inequality and dominated convergence. On the other hand we know 
from an analogue of (lA.4t and dA.7b that the denominator in (1A.8E can be computed by 



£[exp(- 7 /(X T )) ]F t ] 



27 /CXp 



r, (0,-/3 + is)) +^( Tj (O,-j0 + i«)) -F t ] ^(s) da, (A. 11) 



where we need the dependence of ft,(s) = ft.^(s) on 7. Combining (lA.lOb and ( IA.1 U yields 



S[/(X r )exp(-7/(X x )) |^] = - A f _L / 



+ V>(t, (0,-/3 + is)) -Y t h c (s) ds 



□ 



C=7 



Proof of Corollarvl231 

Expression (12.9b is an immediate consequence of ( 12.8b in Theorem 12 . 2 1 with f(x) = x, and the fact that 
there is no need of Fourier methods to compute the denominator H (7) in the analogue to dA.8b 



b t — 



(A. 12) 



£ [exp(- 7 iX T ) I F t ] ' 

since the affine transformation formula directly applies to the denominator in dA.12t . We recall that 
(T, (0, — 7 1 )) G £. Now we only need to compute J^i? [e~^ XT | .Ft] , the actual derivative in formula 
< f2~8b . However, from d2T2b it follows that 

Q 

-Q^E[cxp(-(X T ) I Ft] = cxp [0(r, u) + ip(r, u) ■ Y t ] [d^^T, u) + d u ^(T, u) ■ Y t ] | u=(Q _ c) . 



Combining the above with (IA. 1 21 > yields 

Si = [duM T , u ) + d Ux ip(T, u) ■ Y t ] | tt=(0 
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As to the remaining securities S 2 , . . . , S K , their price processes given in ( 12.101 ) directly follow from for- 
mula ( 12.7b in Theorem l2.2l and the discussion above. □ 

Proof of Theorem 12141 

An application of Theorem 12 .2 1 with a k = 0, for all k = 1, . . . , N, in addition to the observation that 
the Fourier transforms are all integrable functions yields the desired result. As to the second claim of 
integrability, straightforward calculations show that there exist constants M, z > 0, just depending on the 
model parameters, which give 

max / \f(s)\ds < M [ 1 „ ds < oo . □ 

R R 

Proof of Theorem 1231 

The process Y — (V,X) belongs to a subclass of affine processes, namely to the Revalued affine 
diffusions^ That is, Y is a solution to the stochastic differential equation dY t = p(Y t )dt + p(Y t )dWt, 
with Yq = yo, for a continuous function b : D —> M 2 and a measurable function p : D — > K 2x2 such that 
y i y p(y)p(y) T is continuous. In particular, the set int2?o+ from Section 12.1.1 l is non-empty and thus 
the affine transorm formula can be extended. See for instance the discussion on explosion times of the 
Heston model in ifTill . Furthermore, the process Y is conservative and, hence, so is the stopped process 
Y T . Combining (IB.3b with the fact that the generator of (V,X) is determined by its diffusion matrix 
pp T and its drift vector b, we identify the admissible parameters in ( IB. 11 1. (IB. 21 ) and ( IB.3I ), where the 
parts connected with jumps do not play a role here. Hence we conclude that the conditional characteristic 
function of Y allows a representation as follows 

E [cxp (u ■ Y T ) I Ft] = cxp [4>(t, u) + i>(r, u) ■ Y t ] , (A. 13) 

whenever (T, u) — (T, (u v , u x )) G £c, so in particular for (T, (u v ,u x )) € £. The functions <fi and ip 
satisfy the following system of Riccati equations 



d t 4>(t, u) = k (t, u) + (J, ijj2 (t, u) , 
dtMt,u)=Q, i> 2 (0,u)=u x . (R) 



cf>(0,u) 


= 




= u. 




= U; 


;iven bvf^l 





2 , 20K)ex P (^t 
(t, (0, u x) ) = - log | 9(Ux)(e , (Bl)t + 1) + A(c , (M . )t _ 1) ) 

u a( e fl(t..)t _ 1) 



^ (t, (0, u a )) - d ( Ux) ( e e (Ux)t + + X ( e e(u„)t _ x) 

1p2(t, (0,u x )) = u x . 



17 We emphasize that we would not have needed the complete theory on general affine processes including various possible behavior 
of jumps, had we only considered pure diffusion processes, since it was shown in [13j, Theorem 10.1] that every diffusion Markov 
process with continuous diffusion matrix is affine, if and only if the functions b and pp T are affine in the state variable and the 
solutions <j> and ip of the Riccati equations satisfy R,c(c/>(t, u) + t/}(t, u) • y) < 0, for all y G D and (t, u) G X i$L d . Our 
equilibrium approach can cover more sophisticated models than pure diffusions though. 

18 Compare flU Lemma 10.12]. For u x = X/a we set ipi(t, (0, — )) = t/(2 + At), resembling the limit and still satisfying 
^l(0, (0,A/(t)) = 0. 
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where 



0(u x ) 



i^Ja 2 v 2 - X 2 if \u x \ > 



A 



Following [14] and recalling that A > 0, we distinguish two different cases 



t+(u x ) 



+00 \u x \ < £ 

1 _^( arctan M^ + 7r ) M> A 



such that (T, (0,u x )) G £ C f c , for all T < t+ (it^) @ Hence, as long as T < t+(u x ), formula dA~T3T l 
holds for all u = (0, u x ), where € R. It now follows from d2T9t in Corollary[23]that, for all i G [0, T], 

St = [d u ^(r,u) + d Ux Mr,u)V t + d Usc Mr,u)X t ]\ u={0 _ 7) , (A.14) 

Next we need to compute the derivatives of (f>(t, u) and ip(t, u) with respect to u x . Of course we have 
<9u x ^2 (t, u) = 1 and a straightforward calculation yields, with (9 := 0(— 7) and 0' := [d Ux 9](— 7), 

9«i(T,(0,-7))^(M) and (r, (0 - 7)) = -7^(t, 7) ■ 

This, together with ( IA. 14K is ( 12.141 ). the proof is complete. □ 

Proof of Theorem l3.ll 

By assumption, the conditions of Theorem l 1 . 1 1 are satisfied. Recall that the equilibrium price is obtained 
by the change of measure from P to Q, that is: 



St = E Q [S t I F t ] = E Q [f k {X x , ...,X N )\F t ] = E 



^f k (X 1 ,...,X N )\F t ]E r 



dQ 

dP 1 ^ 



By (11.3b , we know that -3* is a function of St and hence of X\, . . . , Xn, which is given in d3.4l ). Then 
we compute the regular conditional distribution of (X\, . . . , X^) given . . . , Using the inde- 
pendence of the market factors, the Markov property of £, the Bayes formula, and observing that, given 
(Xi, . . . , Xjy) = (xi, . . . ,Xn), £1 is Gaussian with mean OiXit and variance 7^7, yields ( 13.5b . □ 

Proof of Proposition |3]2] 

The integrability assumptions on X together with lEil Theorem 7.17] yield that the innovation Brownian 
motion Wt in (13. 7t is well-defined for t < T. By the Fujisaki-Kallianpur-Kunita Theorem, see JH 
Proposition 2.31], both expressions appearing in (13.6b allow for a representation with respect to W. 
Furthermore, we even know the structure of the integrands. Specifically, for every function vp : K — > M 
such that € i 2 (P) and for t < T, we obtain that 

t 

£ [ v (Jf) I T t \ = £ bPO] + J Y^V^dWu , (A.15) 



where V t v , the conditional covariance of the market factor with the function ip, is given by 

V? = E [<p(X)X \T t \-E [<p(X) I F t ] E [X \ F t ] , (A. 16) 



Basically, this is exactly the time interval on which the solutions of the Riccati equations do not explode. 
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as shown in |4j, Section V]. The dynamics ( 13.8b then follow by ( IA. 15b in combination with ( IA. 16b and an 
application of the Ito product rule to ( 13.6b . □ 



Proof of Corollarv l3.3l 

The relation 7 > n — 1 ensures that the assumptions of Theorem l 1 . 1 l are met. It remains to apply Theorem 
13. H and explicitly work out the integrals in 



J °° x (1/k) exp (—x/k) cxp (—72;) exp 


(crx^t - \{ox) 2 t) 


dx 


J °°(l/K)exp(— x/n)exp (—7a;) exp 




dx 



which is done by combining [Q, Section VII] and (13.12b . resulting in formulae (13.10b and ( 13.1 lb . □ 



B. Addendum to Section |2k Regular Affine Processes 

This proposition concerning the characterization of a regular affine process by its admissible parameters 
is stated without proof and we refer to II12[ Theorem 2.7] or II22[ Theorem 2.6 and Equations (2. 2a), (2. 2b)] 
for two different approaches to prove it. 

Proposition B.l. Let Y be a regular affine process with state space D. Let F and R be as in Definition 
12.71 Then there exists a set of admissible parameters (A, A 1 , b, b l , c, c 1 , m, /i l )i=i,... lt i such that F and R 
are of the Levy -Khintchine form. 

F(u) = ^(u,Au) + (b,u)-c+ J (e^' u > - 1 - m (<^) ( B1 ) 

R d \{0} 

R i (u) = l( U} A i u) + {b i ,u)-c i + J (e^-l-O^CO.ti))^), (B.2) 

R d \{0} 

where A, A 1 , ... , A d are positive semi-definite real d X d-matrices; b, b 1 , . . . , b d are M. d -valued vectors; 
c^c 1 , . . . ,c d are positive non-negative numbers; m and fj}, . . . , [i d are Levy measures on R d , and finally 
h and x , ■ ■ ■ , X d are suitably chosen truncation functions for the respective Levy measures. Furthermore, 
the generator A of Y is given by 



A(p(x) 



\ E ( A ki + E A kiA + < & + E t ' i " v ^ i )> - fc+E^l vto 

k,l=l \ iel I i=l \ iel J 



+ J (<p(c + t)-<p(x)-(h(t),V<p(x)))m(dO 

D\{0} 



+ E / (v(c+0-^)-<X i (0,V V (x)»x < M i (de), (B.3) 



ieI D\{0} 

and (f>, ip satisfy the following system of ODEs 



d t (j>(t,u) = F{i>{t,u)) , (j>(0,u) = (B.4) 
d t ip(t,u) = R(i/}(t,u)) , ip(0,u)=u. (B.5) 
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